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FOREhQRD 

Development of the  ATLAS integrated structural  analysis and 
design system was i n i t i a t ed  by The Boeing Commercial Airplane Company i n  
1969. Continued development e f fo r t s  have resulted i n  t h e  re lease and 
application of several extended versions of the system t o  aerospace and 
civi l ian s t ructures .  Those capabi l i t i es  of the current ATLAS version 
developed under  t h e  NASA Langley Contract No. NAS1-12911 include the 
f ol 1 owing: geometry control , thermal stress, fuel generat i on/management , 
payload management, loadabi l i ty  curve generation, f lu t te r  solution, 
residual f l e x i b i l i t y ,  strength design of composites, thermal f u l l y  
stressed des ign ,  and in te rac t ive  graphics. The NASA monitor of t h i s  
contract was G. L .  Giles. 
under the Army Contract No. DAAG46-75-C-0072. 

the ATLAS System. 
i n p u t  data and program execution, data management, system design, the 
engineering method used by the computational modules, and 
system-demonstrati on problems. 

The i n e r t i a  loading capabi l i ty  was developed 

T h i s  document is one volume of a series of documents describing 
The remaining documents present d e t a i l s  regarding the 

The key respons ib i l i t i es  fo r  development of ATLAS have been 
w i t h i n  the  Integrated Analysis/Design Systems Group of the Structures 
Research U n i t  o f  BCAC and the ATLAS System Group of the BCS Integrated 
Systems and Systems Technology U n i t .  R .  E. Miller, J r .  was the Program 
Manager of ATLAS up t o  1976 a f t e r  which K. H. Dickenson assumed this 
position. 
of many Boeing engineering and programming personriel. 
contributed d i r e c t l y  to  the current version of ATLAS are as follows: 

The current ATLAS System is the resul t  of t h e  combined e f fo r t s  
Those who 
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ABSTRACT 

This document describes the automated design theory 
underlying the operation of the ATLAS Design Module. The 
methods, applications and limitations associated with the f u l l y  
stressed design, the thermal fully stressed design and d regional 
optimization algorithm are presented herein, A discussion of the 
convergence characteristics of the fully stressed design is also 
included. Derivations and concepts specitic to the ATLAS design 
tdieory are shown, w h i l e  conventional terminology and established 
methods are identified by references. 

iv 



Page 

APPENDIX B CONVERGENCE OF THE FULLY ST'RESSEb DESIGN B - 1  

APPh3SDIX c SIGNIFICANT AlJTOHATD DESIGN APPLlCCATZONS -.- C.1 

V 



FIGURES 

Number 

5 

6 

7 

a 

C I  1 

cs2 

c.3 

D- 1 

Page 

Thickness A f t e r  We Cycle I I I I I I I ~ o . o o o C . ~ o . ~ . ~ o o .  2,5 

Thickness After Five Cycles -. . ., .. -. I -. . . . . *. 2 -6  

Thickness After Ten Cycles . . . ~ . . . . . I o . . . o - . . - - I = D  2.3 

Change of Thickness at the Edge of 
C i r c u l a r  Sole ~ O - . . . . . O O . . . ~ ~ .  a-..-o..~....*...o-. 2.8 

Total Weight €or D i f f e r e n t  Design Cycles 2 - 8  

R a t i o s  of A r e a s  Produced by the T,P.S,D, 
and F.S,D. Methods ds a Function of Applied 
Mechanical Stress ......~o. ~ o o ~ . . ~ I o . ~ o ~ ~ o ~ ~ . . ~ . o o  3-35 

Criticality Comparison; 
T.F.S-D. (axial plus shear)   io^.-..^.-.- 3-18 

NST Structural Weight ..~...C.CoD.IIII..I...~...Io C.2 

C o m p u t e r  T i m e  R e q u i r e m e n t s  for One Wcle C,3 

vi 



NOTATION 

This list of notation complements the explanations provided 
in the text ,  
in the following list and are explained in their proper context. 

Subscripted variables are only indicated with a dot 

A. 

b 

b 

zt 

C 

ek 

d 

D,D. 

D 'i 

Dn 

e 

e- 

E.E. 

E' 

E. 

f,f* 

f, 

F,F-,F 

F, 

A 

g R  

Design variable; area 

Distance 

Design variation coefficient 

Design variation matrix 

Cosine of fiber direction (a) 

Value of equality constraint 

Value of inequality constraint 

Laminate constitutive matrfx 

Lamina constitutive matrix 

Design variation matrix 

Subscript 

Exponent 

Hoduli of e l a s t i c i t y  

Derivative of modulus of elasticity w i t h  respect to 
stress 

Element subsets (see ref. [ 10 f) 

Applied stress 

Factor 

Allowable stress; (vector) 

Derivative of allowclble stress with respect to thickness 

Const ra in t  function 
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n 

1g 

N. 

H,R, 

R' 

Shear modulus 

Sum of inverted squares of allowable axial stress 

Subscript 

Unit matrix 

Subscript 

Subscript; buckling coeff ic ient  

Correction term 

Subscript 

Reciprocal of squared shear aflawable stress 

Xargin of safety 

Subscript 

Reciprocal of squared shear allwablLe stress 

Endload 

Subscript 

Force 

Laaina compliance matrix 

Stress ratio 

Interaction function 

Derivative of interaction function w i t h  respect to 
thickness 

Sine of fiber direction (a) 

Thickness; design variable 

AllowabXe stress matrix 

Weight factor ; (vector) 

Weight 
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X Subscript; vector 

Y 

z 

a 

Subscript 

Subscript 

Fiber direction; reciprocal of squared axial allowable 
stress 

Reciprocal of squared allowable stress 

Kronecker d e l t a  

Difference operator 

St ra in ;  (vector) 

Gradient 

Lagrange multipliers; (vector) 

Poisson's  ratio 

Density 

Stress; (vector) 
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1.0 INTRODUCTION 

The a n a l y s i s  segment of t h e  s t r u c t u r a l  des ign  process has ,  
f o r  a r easonab ly long  t i m e ,  been suppor ted  by f i n i t e  e lement  based 
sof tware .  This  suppor t  has  r e s u l t e d  i n  p rac t ica l  and economical 
stress a n a l y s i s  of complex s t r u c t u r e s ,  l i k e  supe r son ic  t r a n s p o r t  
a i r p l a n e s .  A s  t h e  des ign  process ,  however, - a l s o  r e q u i r e s  
r e p e a t e d  improvements and parametric changes of a l t e r n a t i v e  
s t r u c t u r e s ,  e s p e c i a l l y  du r ing  t h e  p re l imina ry  des ign  phase, there 
i s  a g r e a t  need f o r  automated r e s i z e  (design)  methods. 

The ATLAS Cesign Module has  been developed t o  s a t i s f y  t h e s e  
needs a s  f a r  a s  s t r e n g t h  and s t a b i l i t y  c o n s i d e r a t i o n s  are 
coricerned. The methods have been developed and s e l e c t e d  f o r  
a p p l i c a t i o n  to l a r g e  problems, (21000 des ign  v a r i a b l e s ) .  Some 
r e c e n t  a p p l i c a t i o n s  can be found i n  appendix C .  

It should be noted  t h a t  t h e  methods presented  here a r e  only 
intended a s  cpgEytttiona1 aids i n  t h e  d e s i g n  process .  
Fngineer inq  judgement i s  a r equ i r ed  foundat ion  f o r  s u c c e s s f u l  
usage. This a p p l i e s  to t h e  p r e p a r a t i o n  of i n p u t  d a t a  f o r  t h e  
Design Module a s  w e l l  as  i n t e r p r e t a t i o n  and e v a l u a t i o n  of t h e  
results . 

k j u d i c i o u s  u s e ,  however, has been shown t o  produce both 
prac t ica l  and economical b e n e f i t s .  I t  r e l i e v e s  t h e  e n g i n e e r  of 
t i m e  consuming numerical t a s k s  and makes h i m  a v a i l a b l e  €o r  o t h e r  
desiqr! r e l a t e d  a c t i v i t i e s  (see r e f s .  11 f-[ 3 3) . 
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2.0 GVEI;VIEW OF THEOFY 

T h e  g e n e r a l  problem being addressed i n  t h i s  document involves  
t h e  n5nirr izat ion of t h e  s t r u c r u r a l  weight (weight of the 
s t i f r n e s s  f i n i t e  e l emen t s ) ,  

where ti rEpr s sen t s  rcnlt design v a r i a b l e s  s u b j e c t  t o  both t h e  
Equa l i ty  c o n s t r a i n t s  

where  k = l , . .  . , rrln, 
arid t h e  i n e q u a l i t y  c o n s t r a i r t s  

TLF c o n s t r a i n t s  a r e  of stress t y p e  which involve  strer.gch and 
s t - a k i l i t y  r2quirernents t h a t  n u s t  be s a t i s f i z d  sixrultaneously.  

The p r o b l e m  i a e n t i f i e d  above is c i e a r l y  of op t imiza t ion  t y p e .  
Th? s o l u t i o n  of c h i s  p r o b l w  b i l l  be approached fron; two 
v i e w p o i n t s .  One involves  o p t i m a l i t y  criteria methods, whereas 
t k e  o t h e r  one co rxe rns  i t s e l f  wi th  flmath-programming'* and l o c a l  
o p t  i n i z  a t  ion.  
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2.1  OP'IIMAEIITY VERSUS DIRECT SEARCH 

The o p t i m a l i t y  cri teria and t h e  direct s e a r c h  method can 
produce minimum weight designs.  Caut ion  i s  advised ,  however, a s  
t h i s  i s  n o t  a l w a y s  t h e  case. 

The t1math-programming8t methods (ref . [ 4 3) are of direct  
s e a r c h  t y p e  which normally produce a "local" minimum. T h e  
computa t iona l  s t a t e -o f - the -a r t  is, however, s u c h  t h a t  problems 
invo lv ing  tho.usands of des ign  v a r i a b l e s  are n o t  p r a c t i c a l l y  
s o l v a k l e  by these methods because of t h e  cost and t i m e  f a c t o r s .  
The 'Iuath- programming" methods are, t h e r e f o r e ,  l i m i t e d  t o  small 
acd moderate size problems f o r  which t h e y  work q u i t e  w e l l .  
k ccen t  developments i nvo lv ing  t h e  c o n j u g a t e  g r a d i e n t  method ( r e f  . 
[ 5 3) have shown promise for moderately large problems. 

The  o p t i m a l i t y  c r i te r ia  methods ( r e f ,  f 6 ) )  a r e  of i n d i r e c t  
type, i.e, no e x p l i c i t  r r inimizat ion i s  r e q u i r e d ,  I n s t e a d ,  a set 
of c r i t e r i a  i s  de f ined  i n  such  a manner t h a t ,  when s a t i s f i e d ,  a 
miriimurc o r  "almostta minimum i s  produced. I n t u i t i v e  arguments are 
o f t e n  used i n  s e l e c t i o n  of t h e  c r i t e r i a  and consequent ly  t h e r e  
will n o t  be any gua ran tees  t h a t  a l*low-weight-designtt has been 
achieved. Caut ion is c l e a r l y  needed i n  i n t e r p r e t a t i o n  of 
results. Experience shows, however, t h a t  o p t i m a l i t y  cri teria 
q u i t e  s u c c e s s f u l l y  can be used t o  es tabl ish good resize 
procedures ,  and t h a t  for large problems t h e s e  methods are  t h e  
orily feas ib le  ones. 
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2.2 FULLY STRESSED DESIGN (F.S.D.)  

The " f u l l y  stressed des ign"  method ( F . S . D . )  is of  o p t i m a l i t y  
c r i t e r i o n  type.  It r e p r e s e n t s  t h e  t r a d i t i o n a l  way of s i z i n g  
aerospace s t r u c t u r e s .  That is t o  say ,  areas, t h i c k n e s s e s ,  etc. 
a re  chosen so t h a t  t h e  a p p l i e d  loads  y i e l d  stresses t h a t  are 
nqual t o  t h e  allowables. The- r e d i s t r i b u t i o n  of i n t e r n a l  l o a d s  
due t o  changes i n  s t r u c t u r a l  p r o p e r t i e s  is n o t  cons idered  u n t i l  
t h e  nex t  tqstrzss-analysis,s9 which consequent ly  d e f i n e s  an 
i t e r a t i v e  method based on repeated r e a n a l y s e s  . 
This  y i e i d s  a s y s t e m  o f  anr* equa t ions  i n  "n" unknowns. S o l u t i o n s  
a r e ,  t h e r e f o r e ,  p o s s i b l e  wi thout  any formal  m i n i s i z a t i o n  s teps .  
 his is, however, i n  g e n e r a l  a system of n o n l i n e a r  equa t ions  f o r  
which  convergence, uniqueness and a s t a r t i n g  po in t  must be 
eva lua ted  s e p a r a t e l y  f o r  each  a p p l i c a t i o n .  

The m t h o d  could De def ined  by t h e  e q u a t i o n s  (2.2) when m=n. 

The l i t e ra ture  on automated des ign  has an akundance o f  
examples of t h e  F.S.D. method producing u n d e s i r a b l e  r e s u l t s .  The 
example i l l u s t r a t e d  h e r e i n  is  a s q u a r e  p l a t e  w i th  a c e n t r a l  
c i r c u l a r  h o l e  ( f i g s .  1 - 5 ) .  This  example i s  selected because t h e  
F.S.D. nethod is  known t o  g i v e  poor r e s u l t s  f o r  t h i s  kind of 
problem, The  f i r s t  three f i g u r e s  show t h e  change i n  t h i c k n e s s  
d i s t r i b u t i o n .  The f o u r t h  s h o w s  how the p r e s e n c e  of s e v e r a l  l o a d  
c a s e s  tend t o  dampen the  changes. F i n a l l y ,  f i g u r e  5 shows how 
stable t h e  w e i g h t  can be d e s p i t e  s i g n i f i c a n t  l o c a l  changes. 

I t  is a well-known f a c t  that t h e  F,S .D .  method works v e l 1  f o r  
s t a t i c a l l y  de t e rmina te  s t r u c t u r e s .  The main reason  f o r  t h i s  
success i s  t h a t  a change i n  area o r  t h i c k n e s s  f o r  one member only 
changes t h e  stress i n  t h a t  negber and nowhere else. A mat r ix  
ccnta i r i ing  t h e  d e r i v a t i v e s  of m e m b e r  stresses w i t h  respect t o  
design v a r i a b l e  would be d iagona l  f o r  t h i s  case.  
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It is a lso  true that for large structural mdels, l i k e  the 
ones used in the aerospace industry, the effect of changing a 
size variable is localized, mis causes the matrix of the 
derivatives w i t h  respect to the s ize  variables to be strongly 
diagonal- As shown in references f 7 3 and r 8 1, t h i s  improves the 
Ghances o f  the F-S,D. to be optimum and t o  converge rapidly, 
Practical structures are quite o f t e n  designed by multiple load 
conditions, a fact which also tends to improve the convergence 
behavior of the F d 3 . D .  approach (see e , g .  ref. [9]}. 

controlled by the user through input constraints and during 
execut ion  by convergence specifications, The user can specify 
upper and l o w e r  bounds, input margins of safety, fixed values and 
regions to be excluded from r e s i z i n g ,  (see ref. [ 10 1) and by so 
doing influence the convergence characteristics, 

The F,S,D. method implemented i n  ATLAS is designed t o  be 

It is f ina l ly  noted that the "fully stressed designm method 
must be used with discretion and that results require judicious 
interpzetation. When used in the preliminary design process it 
xust  be supported by experienced engineering personnel, 
it is still quite feasible  t o  use it as a computational aid i n  
the large problem environment. It is also quite frequent that 
the method produces consecutive designs with very minor weight 
changes even when m e m b e r  sizes exhibit significant changes (see 
figs. 4 and 5) - Xn conclusion, it is noted that the "fully 
stressed des ignn  method is presently one of the few practical 
approaches to Large problems. 

However, 
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F i g u r e  2. Thickness a f t e r  F i v e  Cycles  
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2 . 3  'THERMAL FULLY STRESSED EESIGN ( T o F o S a D o )  

The " f u l l y  stressed design" method is based on t h e  assumption 
t h a t  i c t e r n a l  element loads remain c o n s t a n t  du r ing  r e s i z i n g ,  A 
consequence of th is  assumption i s  tha t  the following r e s i z e  
a l g o r i t h m  can be formulated 

- -  - f A .  
Anew F old (2.4) 

where A n e w  i s  t h e  4*newc1 va lue  of t h e  des ign  v a r i a b l e ,  f is t h e  
a p p l i e d  stress, F i s  the allowable stress and A o l d  t h e  des ign  
v a r i a b l e  v a l u e  used when t q f t f  w a s  c a l c u l a t e d .  

T ~ E  a lgo r i thm shown by equat ion  (2.4) has  o f t e n  been deemed 
adequate  for r e s i z i n g  of s t r u c t u r e s  s u b j e c t e d  t o  mechanical 
l oads .  Hohever, f o r  s t r u c t u r e s  w i t h  s i g n i f i c a n t  thermal 
i n t l u e n c e s  it can lead t o  very slow convergence. The main reason 
f o r  this i s  t h a t  stresses due t o  thermal e f f e c t s  q u i t e  o f t e n  
remin reasonably c o n s t a n t  w h i l e  t h e  mechanical stresses change 
with changing s i z e  v a r i a b l e s .  An a lgo r i thm in tended  f o r  
s i t u a t i o n s  involving siqnif i c a n t  thermal s t resses  has been 
developed and tested. F e s u I t s  and conc lus ions  are shown i n  
reference 111 3 .  A combination of thermal  and mechanical stresses 
i s  considered a n d  t h e  resize a lgor i thm is, 

f 
F-f th 'old 

= 
'new 

where t h e  notation is  t h e  same as  i n  equat ion (2.4) and "fth 81 

r e p r e s e n t s  t h e  app l i ed  t h e r n a l  stress. It is  demonstrated i n  
refermce [ 11 3 how t h e  use of t h i s  a lgo r i thm r e s u l t s  i n  faster 
convergence t h a n  produced by the t r a d i t i o n a l  8 8 f u l l y  stressed 
design.  
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2 . 4 REGIONAL OPTIMIZATION 

The s u c c e s s f u l  a p p l i c a t i o n  of '*math-programming" methods i n  
t h e  l a r g e  proklfm environment i s  c o n t i n g e n t  on  t h e  use of 
s t r a t e g i e s  t h a t  reduce a l a r g e  problem t o  a s e t  o f  smaller ones. 
That philosophy has been a p p l i e d  t o  t h e  "composite opt imizat ion. ta  
T h i s  op t imiza t ion  i s  based on t h e  method of f e a s i b l e  d i r e c t i o n  
and i s  o ~ l y  used f o r  s t r u c t u r a l  models c o n t a i n i n g  the composite 
e lements  CFLATE and CCOVEB (see  sec. 4 and r e f ,  [ 10 1). 

Local o p t i m i z a t i o n  is used and t o t a l  l o a d s  on t h e  composite 
elementE are  assumed cons t an t .  The change i n  i n t e r n a l  l o a d  
d i s t r i b u t i o n  is, as f o r  t h e  F.S.D. method, in t roduced  through the 
r e p e t i t i o n  of t h e  stress a n a l y s i s .  

The r e g i o n a l  concept  i s  in t roduced  i n  such  a manner t h a t  
results, produced i n  t h e  o p t i r i z a t i o n ,  are v a l i d  fox  a l l  e lements  
i n  t h e  region.  These r e g i o n s  ( subse t s )  are  de f ined  i n  t h e  i n p u t  
d a t a .  

The number of des ign  v a r i a b l e s  a v a i l a b l e  w i t h i n  t h e  r eg ion  is  
determirjed by t h e  number of element v a r i a b l e s .  ( A l l  e lements  i n  
a r e g i o n  have t h e  same number of v a r i a b l e s ) .  The number of 
c o n s t r a i n t s  a r e ,  however, dependent on both  t h e  number of 
elements inc luded  i n  t h e  subregion (see sec. 4) and t h e  number of 
l o a a  cases  involved. 

C r i t i c a l i t y  ( r e l a t i v e  va lue  of c o n s t r a i n t s )  of a l l  t h e  load  
c a s e s  i s  e s t a b l i s h e d  dur ing  t h e  i n i t i a l  phase of t h e  
op t imiza t ion .  T h i s  c r i t i c a l i t y  is  used t o  reduce t h e  number of 
c o n s t r a i n t s ,  a p p l i e d  i n  t h e  numerical  search, to a number t h a t  is 
the same a s  t h e  number of des ign  v a r i a b l e s .  

The problem de f ined  i n  this manner i s  t h u s  coxs ide rab ly  
reduced i n  s i z e  and q z i t e  f e a s i b l y  s o l v e d  by igmath-programming" 
methods. 
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3 .0  QPTIMALITY CRITERIA 

The r o l e  of optimality cr i ter ia  i n  automated design has been 
d i scussed  ex tens ive ly  i n  t he  t e c h n i c a l  l i t e r a t u r e .  I t  s e e m s  t o  
be a corcmon conclus ion  (see e.g. ref. [9]) t h a t  these k inds  of 
methods, i n  t h e  case of l a r g e  s t r u c t u r a l  systems,  appear  t o  be 
t h e  most p r a c t i c a l .  Appendix C c o n t a i n s  problems which p r e s e n t l y  
cannot  be solved d i r e c t l y  by ~math-prograraming'* methods, and are 
consequent ly  n a t u r a l  candida tes  for o p t i m a l i t y  criteria-based 
r e s i z i n g s .  It  is, however, a l s o  clear tha t  for t h e  s ize- range  
where "direct search" methods are applicable they  c o n s t i t u t e  a 
q u i t  e n a t u r a l  complement t o  t h e  o p t i m a l i t y  criteria approaches.  

The ATLAS Cesign Module c o n t a i n s  two o p t i m a l i t y  cri teria 
m?thods, t h e  " f u l l y  stressed design" ( F D S ,  De) and t h e  "thermal 
fully stressed design" (T.F.S.D.). Both methods a r e  based on 
repea ted  r e a n a l y s i s ,  and convergence cri teria can be of bo th  
weight and v a r i a b l e  t y p e .  

Both t h e  F . S , D  and the  T,F.S .D.  produce @margins of safe tyge  
t h a t  a r e  used t o  update  f i n i t e  e l e m n t  p r o p e r t i e s .  The r e s i z e  
alqorithm used i n  both cases is, 

where "MS" is a c a l c u l a t e d  margin of s a f e t y  and WMSinp *( a n  i n p u t  
one. The design v a r i a b l e s  a r e  denoted *ReR* It  should be noted 
t h a t  a l l  des ign  v a r i a b l e s  are of @area'# and "thicknessgn type ,  
The d e t a i l s  for each element are presented in appendix A. 

r e a  k: ,er a l ready  not iced ,  of an equiva lene  natuxe. It  a c t u a l l y  
describes how a des ign  v a r i a b l e  should be changed so t h a t  t h e  
corresponding proper ty  va lue  is just adequate  f o r  the a p p l i e d  
loads.  The more t r a d i t i o n a l  d e f i n i t i  i n ,  on the o t h e r  
hand, r e s u l t s  i n  a d e s c r i p t i o n  of h ~ w  t h e  ed loads  should be 
changed, s o  t h a t  a p p l i e d  and a l lowable  stresses agree. 

both  t h e  F,S.D.  and T.F.S .D. ,  are screened and t h e  minima a r e  
used t o  e s t a b l i s h  an envelope of margins of s a f e t y ,  This 
envelope is used i n  equat ion  (3.4).  

he "margin of safety'" defined h e r e  is, as t h e  a t t e n t i v e  

ThE equ iva len t  margins of s a f e t y ,  as c a l c u l a t e d  according t o  
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3.1 FULLY STRESSED DESIGN THEDRY 

The " f u l l y  stressed design" r e s i z e  i s  based on three 
c r i t e r i a .  The H i l l a s  c r i t e r i o n  f o r  s t r e n g t h  (ref. [12])  a a n  
i n t e r a c t i o n  c r i t e r i o n  f o r  panel buckl ing  u s i n g  i n p u t  table 
a l lowables ,  and an i n t e r a c t i o n  c r i t e r i o n  f o r  local buckl ing which 
u s e s  c a l c u l a t e d  buckl ing  allowables. 

The n f u l l y  stressed .design" uses f o u r  k inds  of  a l lowable  
stresses. There are material a l lowab les ,  average buckl ing 
a l lowables ,  gage-dependent table buckl ing  a l lowab les  and l o c a l  
buckl ing  al lowables .  The l a t t e r  kind is c a l c u l a t e d  based on 
i n p u t  "modulus tables" and "spacingt* data. T h e  buckl ing 
a l lowakles  are  only  applicable t o  plate-l ike elements. 

The c a l c u l a t i o n  of "margins of s a f e t y "  for buckl ing us ing  
"gage dependent a l lowables"  involves two opt ions .  Both table  
a l lowab les  and l o c a l  a l lowables  are gage dependent and the 
margins can  be c a l c u l a t e d  either as a first o rde r  approximation 
o r  by i t e r a t i o n  t o  convergence. The change i n  a l lowable  stress 
due t o  change in t h i ckness  is cons idered  i n  both cases .  
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3.1.1 S f g g r - l g ~ & , ~ ~ ~ & n  

H i l l ' s  c r i t e r ion  {ref. [ 123) i s  used to d e f i n e  f a i l u r e  for 
t h e  41non-uniaxial" case .  This criterion can be used for 
orthotropic materials  and can, i n  its general form, be wri t ten  
as,  

( 3 . 2 )  2 2 2 
F((J  -0 ) +G(oz-ux) +H(ax-O ) 4- 2LT + 2MT2 + 2NT (1 

Y X  Y Y= zx . XY - 

where 1fU.t' represents a x i a l  stress and T.." shear stresses, The 
al lowables-related variables  are defined in the fol lowing manner, 

1 1 

Y 
+ - -  1 

2 2H = 7 
F Fx 

where J(F.'* represents allowable a x i a l  stress, The shear re la ted  
d e f i n i t i o n s  are, 

2L = I 2M = (3  4)  

T h e  variables  @*P. 19 represent allowable shear stress .  The 
plane case is  t r a d i t i o n a l l y  es tabl i shed by an assumption of 
transverse isotropy; i .e ,  Fy=Ez. The r e s u l t i n g  two-dimensional 
c r i t e r i o n  becomes I 
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where F. 51.0 when t h e  c r i t e r i o n  is  s a t i s f i e d .  

E x t m s i v e  discussions of  t h i s  t y p e  of cr i re r ia  can  be found 
i n  t h e  l i t e r a t u r e  (see e.g. r e f s .  [Is]-[ 16 3 )  .) The advantage  wi th  
this c r i t e r i o n  is t h a t  it can be shown t o  reduce  t o  t h e  c l a s s i c a l  
vor- Mises form for i s o t r o p i c  n a t e r i a l s .  I t  should be no ted  that 
o ~ l y  empirical arguments are a v a i l a b l e  as f a r  as e x p l a i n i n g  t h e  
axa logy  between y i e l d i n g  and f a i l u r e .  
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3.1.2 Eucklinq C r i t e r i o n  

Euckling i n t e r a c t i o n  cr i ter ia  are  used for t h e  p l a t e - l i ke  
e l e m e n t E  i n  t h e  ATLAS s y s t e m .  Detai ls  can be found i n  appendix 
A.  Three t y p e s  of allowables are considered,  average buckl ing 
a l lowakles ,  gage-dependent table a l lowables  and ca l cu la t ed  l o c a l  
buckl ing  a l lowables .  
i n  r e fe rence  [ l o ]  i n  the D E S I G N  i n p u t  s e c t i o n .  

A d i scuss ion  of t h e  former two is presented  

The l o c a l  buckl ing a l lowakles  are of t h e  form, 

P = ""(E)' (3.6) 

where Igb{* and the p l a t e  aspect r a t i o s  are defined in t h e  "DETAIL 
DATA" i n  r e f e r e n c e  lo] .  The assumption is that t h e  geometry 
i n p u t  d e f i n e s  rec tangular  p l a t e s  on s imple  suppor ts .  The "k" 
va lues  are c a l c u l a t e d  i n  accordance wi th  t h e  theory  descr ibed  i n  
r e fe rence  [ 171, (pages 348-406) e 

The g e n e r a l  i n t e r a c t i o n  c r i t e r i o n i s ,  

R = f l R z l  + f Re2 + f3Rxr e3 < - 1 
2 Y  

(3.7) 

where f l  t c  f3 and el t o  e3 are u s e r  s p e c i f i e d  parameters and 
"I?. *I r e p r e s e n t s  r a t i o s  between app l i ed  and a l lowable  stress .  I f  
t h e  parameters  %re no t  i n p u t ,  t h e  fo l lowing  d e f a u l t  i n t e r a c t i o n  
express ion  is used, 

T h i s  express ion  r ep resen t s  a parametric f i t  to r e s u l t s  produced 
by t h e  classical  theory  of buckl ing of  s i n p l y  supported,  t h i n  
p l a t e s  (see e . g .  ref. [19])  A d i scuss ion  of r e s u l t s  using this 
t y p e  of i n t e r a c t i o n  can be found i n  r e f e r e n c e  [ 18)- 
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3 . 1 . 3  &g&&gt-&gq&,n_gf Saf gsy 

I t  was shown i n  s e c t i o n  3.0 how t h e  equiva len t  margins of 
s a f e t y  determine how t h e  p e r t i n e n t  des ign  v a r i a b l e  should be 
changed i n  order  t o  make t h e  appl ied  and allowatle stresses 
equal.  The genera l  i n t e r a c t i o n  express ion  c a n  be w r i t t e n  as ,  

Ro = R(to) 

a n d  t h e  rrargin of safety i s  def ined as,  

c 
0 

1+MS 
L. 

to+ At = - 

The in t en t ion  is t o  change t h e  design v a r i a b l e  l*t" so t h a t ,  

R = 1 = R(tb+ At) 

A Taylor exparsion y i e l d s ,  

(3.10) 

(3.119 

1 = R(to+ At) = R(t ) + at R' (to) +O((At) ' )  (3.12) 
0 

E. f i r s t  o r d e r  approximation and a s u b s t i t u t i o n  of the value f o r  At 
y i e l d s ,  

(3.13) 

and t h e  equiva len t  margin of s a f e t y  the re f  o r e  becomes, 
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where t i s o  is  the first order d e r i v a t i v e  eva lua ted  a t t = t o .  

Th i s  is quite c l e a r l y  an  approximation t h a t ,  f o r  donverging 
o r  s t a b i l i z i n g  design, becomes i n c r e a s i n g l y  good. It i s  q u i t e  
obvious t h a t  t he re  are  ranges for which equa t ion  (3.14) is  
meaningless. I f  t h a t  happens du r ing  t h e  des ign ,  t h e  module will 
r e v e r t  back t o  t h e  s t r e n g t h  requirements  and u s e  t h o s e  instead.  
Equation (3.14) can be i n t e r p r e t e d  as a p r e d i c t o r  t h a t  tries t o  
correct for changes i n ,  for example, a l lowable  E t r e s s  due t o  
changes in pla te  th icknesses .  

Both of t h e  i n t e r a c t i o n  equa t ions  (3.7) and (3.8) can be 
w r i t t e n  i n  t h e  f o r m ,  

(3.15) 

and d e r i v a t i v e s  of L e  t ype  required i n  (3 ,  4) have t o  inc lude  
d i f f e r e n t i a t i o n  of E,, Ry and  R, w i t h  r e s p e c t  t o  
r a t i o  E, i s ,  

T h e  stress 

-. 

where N, i s  endload and F , ( t )  represents t h e  i n p u t  t a b l e  
a l lowables ,  D i f f e r e n t i a t i o n  y i e l d s ,  

(3-16) 

(3,171 

The v a r i a b l e  F; symbolizes t h e  de r iwa t ive  of t h e  al lowable 
stress w i t h  respec t  t o  th i ckness .  These  d e r i v a t i v e s  are 
obviously n o t  a v a i l a b l e  and the  module, t h e r e f o r e ,  uses  
c a l c u l a t e d  “ d i f  f erencest8 t o  e s t a b l i s h  numerical  a@slopesi8 of t he  
v a l u e s  i n  the takles, 
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When ca l cu la t ed  l o c a l  buckl ing allowables are used, t h e  
t y p i c a l  stress r a t i o  R, becomes, 

0 -  1 (3.18) 
t3E 

The sarre terminology as i n  equa t ion  ( 3 . 6 )  i s  used, and "Nx" 
i s  the endload i n  t h e  x-direct ion.  The modulus of e l a s t i c i t y  can 
be w r i t t e n  a s  a f u n c t i o n  of app l i ed  (0) stress in t h e  fo l lowing  
manner, 

(3.19) 

C i f f e r e n t i a t i o n  with respect t o  t h e  design var iable  ( p l a t e  
t h i ckness )  yields, 

(3.20) 

F i c a l l y ,  d i f f e r e n t i a t i o n  of equa t ion  (3.18) with respect t o  
"t 8 )  gives,  

This  equat ion can be r e w r i t t e n  as 

-=- dRx Rx ( ,3-Rx kl:E'> 
dt t 

(3.22) 



where E ' ,  as  before ,  i s  the d e r i v a t i v e  of t h e  modulus of 
e l a s t i c i t y  w i t h  respect t o  apg l i ed  stress. The va lue  of t h i s  
d e r i v a t i v e  i s  e s t a b l i s h e d  from c a l c u l a t e d  d i f f e r e n c e s  of t h e  da t a  
in t h e  u s e r  supp l i ed  modulus t ab le s .  Allowable l o c a l  shear 
stress and s h e a r  modulus t a b l e s  are t r e a t e d  i n  an analogous 
manner. 

Expressions l i k e  equa t ions  (3.17) and (3.22) must be 
eva lua ted  i n  o r d e r  t o  c a l c u l a t e  t h e  margin of  s a f e t y  (MS)  i n  
equatior! (3.1 4) . T h i s  equat ion r e p r e s e n t s ,  as a l ready  discussed,  
a f irst  o r d e r  approximation. I n  o r d e r  t o  irrprove on t h i s  
equat ion ,  a l o c a l  i t e r a t i o n  i s  used a s  shown in s e c t i o n  3.1.4. 

The concept  of I tequivalent  margin of  s a f e t y "  w i l l  f i n a l l y  be 
coxrpared k i t h  t h e  t r a d i t i o n a l  approach. The i n t e r a c t i o n  
express ion  can  aga in  be w r i t t e n  a s ,  

which, w i t h  " increas ing"  load ,  becomes 

1 = R(Rx+ARx8R +h ,R +AR ) 
Y Y XY XY 

which up t o  a f i r s t  o r d e r  approximation i s ,  

(3.23) 

(3 .24 )  

(3.25 

I f  t h e  "equiva len t  Eargin of s a f e t y @ #  i s  used, the fol lowing 
express ion  i s  oktained.  

(3.26) 
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where 8*MSe81  r epresents  "equivalent  margin of safety .* '  The 
r e l a t i o n  between the two kinds of margins becomes, from 
comparison of equations (3 .25)  and (3.26), 

MS = MSe (1 + X1) 1+MS, 
(3.27) 

where " X l ~ *  is  zero f o r  t h e  case of constant var iables .  
v a l u e s  f o r  MS,, 

For small 

MS ", MS, (3.28) 
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Cetermination of design variables, when "gage dependent 
a l lowakles"  are included, involves  the s o l u t i o n  of the nonl inear  
equat ion,  

R(t) - 1 = 0 .  (3.29) 

This form inmediately b r ings  the "Newton-Raphson method" t o  
mind (see ref. [ Z O ] ] .  The i nd ica t ed  method l e a d s  t o  a s o l u t i o n  
of  t h e  above equat ion by us ing  t h e  r ecu r rence  r e l a t i o n ,  

( 3 . 3 0 )  

whert I c i * *  is t h e  i f e r a t i v e  index, A comparison shows t h a t  
equat ion  (3.30) i s  analogous t o  equat ion (3.14) ; or  i n  other 
words t h e  c a l c u l a t i o n  of t h e  "equivalent  margin of s a f e t y "  
r e p r e s e n t s  a f irst  step i n  a mNewton-Raphson-liken i t e r a t i o n .  

Problems r e l a t i n g  to divergence of t he  scheme suggested by 
equat ion  (3.30) must be avoided, The convergence requirements 
w i l l  now be i n v e s t i g a t e d  by pursuing t h e  analogy w i t h  9 q u i v a l e n t  
m a r g i n s  of safety.n Equation (3.14) can be r e w r i t t e n  as, 

tR' MS = - I. - R-1-tR' 
(3.31) 
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The gene ra l  d e f i n i t i o n  of the i n t e r a c t i o n  equations y i e l d s  
the fol lowing r e l a t i o n ,  

R'=R!_(t) < 0 (3.32) 

which r e s u l t s  in t h e  final form 

m a -  1 + (3.33) 

The d e f i n i t i o n  of margin of s a f e t y  leads t o  the requirement, 

M > -1 (3.34) 

which  gives, 

R - 1 + I t R * I  > O  (3.35) 

The d e f a u l t  i n t e r a c t i o n  is  def ined by equat ion  (3 ,8 )  which 
car! be idr i t ten as, 

R = R1 4- R2 (3.362 - 

D i f f e r e n t i a t i o n  with respect t o  *%" y i e l d s  

S u k s t i t u t i o n  i n t o  (3.36) y i e l d s  

(3.37) 

(3.38) 

T h i s  is a necessary requirement t h a t  is  enforced dur ing  the 
i t e r a t i o n ,  The gene ra l  i n t e r a c t i o n  c r i t e r i o n  i n  equation (3.7) 
leads t o  t h e  same requirement shown by equat ion (3.38). 
Nunerical  experimentation has n o t  produced a s i n g l e  case of 
divergence, once t h e  s a i d  requirement is enforced. 
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3.2 THERMAL FULLY STRESSED DESIGN THEORY 

The " t h e r m a l  f u l l y  stressed design" a lgor i thm is developed 
for s t r u c t u r e s  subjec ted  t o  both mechanical and t h e r m a l  stresses 
a t  the same t ime,  The thermal  stresses are assuned t o  be 
s i g n i f i c a n t  compared t o  t h e  mechanical ones, but are no t  allowed 
t o  exceed m a t e r i a l  allowable stresses. I t  is ,  i n  add i t ion ,  
assumed t h a t  rrechanical i n t e r n a l  loads and t h e r x a l  stresses 
rerain constar, t  dur ing r e s i z ing .  It is, t h e r e f o r e ,  obvious t h a t  
t h e  thermal stresses cacnot be allowed t o  be l a r g e r  t han  t h e  
a l lowables ,  a s  t h a t  leads t o  an i m p o s s i b l e  s i t u a t i o n .  I n  a 
p r a c t i c a l  design s i t u a t i o n  one would expect t h a t  e i ther  a new 
material would have t o  be s e l e c t e d ,  o r  t h a t  a less severe  thermal  
enviror.nent be found. 

The  un i -ax ia l  ca se  leads t o  the  following express ion,  

+ u- a,% = -  
'n An th ( 3  39) 

where 

o n  ="new" t o t a l  stress 
OM =rrechanical stress (old) 
0 t h  =thermal stress 

A, = 3801d4f a rea  
A,, =%e%" a r e a  

which r e s u l t s  i n  t h e  "thermal f u l l y  stressed design" resize  
algorithm, 

Here tho t o t a l  stress has been equated w i t h  t h e  allowable, 
This  expression i l l u s t r a t e s  q u i t e  clearly what happens when t h e  
t h o r n a l  stress aFproaches t h e  allowable.  

I t  i s  "tempting" at t h i s  point  to extend t h e  approach  by 
usir,g ratios hetween rrechanical stresses and "rrodified 
allowablesta in t h e  i n t e r a c t i o n  e x p r e s s i o n s  used for t h e  plane 
s t ress  case. The analogy w i t h  e q u a t i o n  is i n t u i t i v s l y  
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q u i t e  p l eas ing  and has been explored e x t e n s i v e l y  i n  t h e  aerospace 
indus t ry .  However, a comparison between the t r a d i t i o n a l  measure 
of c r i t i c a l i t y  and t h e  one i n d i r e c t l y  suggested here, shows t h a t  
ir!  order for t h e s e  t o  be e q u a l  t h e  following equat ion  must be 
sa t i s f ied ,  

'M+%h - -_ OM 
F 

(3  4 41) 

which i s  t h e  case only when, 

(3.42) 

As this obviously is t r u e  only when t h e  r a t i o s  i n  equat ion  
(3.41) a re  equa l  t o  one, w e  f i n d  t h a t  t h e  i n t e r a c t i o n  express ions  
for i l p l a t e - l i ke t8  e lements  r e q u i r e  special  a t t e n t i o n .  

A comparison between t h e  r e s u l t s  produced by t h e  T.F.S.D. 
method and the F.S .D .  method are shown i n  figure 6. D i f f e r e n t  
r a t i o s  f o r  a r e a s  f o r  d i f f e r e n t  stress l e v e l s  are p l o t t e d  
according t o  equat ion ,  

(3.43) 

I t  i s  e a s i l y  seen t h a t  q u i t e  d r a s t i c  d i f f e r e n c e s  can  be 
experienced.  
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.5 

Figure 6.  Ratio o f  Areas Produced by the T.F.S.D. and F.S.D. Methods 
as a Function o f  A ~ ~ l i e d  Mechanical Stress: 

L I I  . .  

3.15 



3.2.1 S t r e n s t h  c r i t e r ion  

The s t r e n g t h  c r i t e r i o n  used for the T.F.S.D.  i s  t h e  same .as 
used for t h e  F . S . D . ,  (see eq. ( 3 . 5 )  ) , namely Hill's c r i t e r i o n .  
If mechanical and thermal e f f e c t s  are kep t  separate,  t h e  
c r i t e r i o n  y i e l d s ,  

(3 .44)  
F 2 R =  

Y XY 

The fo l lowing  s i m p l i f i e d  terminology has  keen used, 

N+ = endload due  t o  mechanical l o a d s  
= t h e r m a l  stress 

F, = a l lowab le  stress 
t = p l a t e  t h i c k n e s s  (des ign  v a r i a b l e )  

The r e s i z i n g  is  now kased on t h e  requirement  of z e r o  margin 
o f  s a f e t y ,  (1.e. R=l.O), The fo l lowing  second o r d e r  equa t ion  
results , 

(3 .45 )  
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The Greek letters are functions of allowables i n  the 
f o l l o w i c g  nanner,  

- 1  1 1 '  8 - 7 1  Y = - 2  
F 

Y XY 
a=21 F Fx 

and t h e  "new" t h i c k n e s s  is calculated as t h e  lowest p o s i t i v e  r o o t  
of e q u a t i o n  (3.46) . 

It  is i n t e r e s t i n g  t o  note how t he  t r a d i t i o n a l  c r i t i c a l i t y  
approach compares t o  t h e  one e s t a b l i s h e d  for nechanica l  stresses 
and "xrodified al lowables .8a The spec ia l  case wi th  one a x i a l  
stress and shear w i l l  be i n v e s t i g a t e d .  The t r a d i t i o n a l  way 
y i e l d s  t h e  e l l ipse ,  

and t h e  "modified al lowablest* approach g i v e s ,  

2 
= 1  f2- 4. fxy 

(FX-CfX)2 ( F x y - % y ) 2  

(3 .46)  

( 3 - 4 7 )  

A comparison between t h e  t w o  e l l ipses  i n  f i g u r e  7 shows t h a t  
the d i f f e r e n c e  ( t h e  shaded reg ion)  changes wi th  therinal stress 
and t h a t  q u i t e  unconservatiwe designs can r e s u l t .  The %iodifiedlq 
cu rve  c o n s i s t s  o f  f o u r  d i f f e r e n t  e l l i p s e s  which, f o r  small  
t he rma l  stresses, would be a q u i t e  good approx i r a t ion .  The 
modif ied c r i t i c a l i t y  ratio can be w r i t t e n  as, 

X 
f f f 
x n . x  N - + -  

2 Fx- Fx F 
(3.48) 
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U f X  

f XY 

T 

f x +  Ox 

fxy + oxy 

Figure 7. Criticality Comparison; T.F.S.D. ( axial plus shear) 
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which,  for small thermal stresses, becomes, 

fx - - fx [,..- + Fz ax + - 0 . 1  
( 3  * 49) 

2 

Fx- *x FX FX X 

It is  furthermore e x p e c t e d  that a p p l i e d  m e c h a n i c a l  and 
allowable stresses w i l l  be reasonably close for this case which  
y i e l d s ,  

fx .ox -.fX . .ox fx C I - + - * - - - + -  fx 
Fx- Ox Fx FX Fx Fx FX 

CI 

w h i c h  ccu ld  be i n t e r p r e t e d  as a good approx imat ion .  
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4.0 COMPOSITE OPTIMIZATION 

The c o n p o s i t e  o p t i m i z a t i o n  i n  ATLAS is  of a " loca l "  t y p e  and 
i s  devised  for t h e  l a r g e  problem environment. The method w a s  
developed f o r  a p p l i c a t i o n  to a composite SST kiith the number of 
d e s i g n  v a r i a b l e s  exceeding 6000 . The composite membrane 
elements ,  CPLA'ZE and CCOVER, are cons idered  i n  the opt imiza t ion .  
The CPLATE f i n i t e  element has up t o  t e n  laminas of o r t h o t r o p i c  
material  with  user-def ined f i x e d  d i r e c t i o n s  (see ref. [lo]) The 
CCCVEE is  hilt up from t w o  CFLATE e l e z e n t s .  (Terminology can be 
f0ur.d i n  appendix E) 

The s t r u c t u r e  t o  k e  opt imized i s  cons ide red  to be d iv ided  
into a rumber of r e g i o n s  (optimization problems) which a re  
t r e a t e d  s e p a r a t e l y .  Thesa r e g i o n s  are  de f ined  by t h e  i n p u t  data 
ar-d car. kf: anyth ing  from one element t o  the krhole s t r u c t u r e .  The 
des ign  cf a s t r u c t u r e  consequent ly  i n v o l v e s  t h e  repeated s o l u t i o n  
of  w o i g h t  o p t i m i z a t i o n  p r o b l e m ,  each of which concerns i tsel f  
with  d ma11 portion of t h e  s t r u c t u r e .  
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4 e 1 REGIONAL OPTIMIZATION METHOD 

The r e g i o n a l  op t imiza t ion  method involves  the s o l u t i o n  of the  
fo l lowing  problem. -For a given region (design subse t  of 
elements)  Ek and an a s s o c i a t e d  subregion 4 t l a i z a t i o n  subset) E ks 
w e  have 

Figure 8. Regional D e f i n i t i o n  (Ek i s  a small p a r t  
of  the structure,and Eks can be several 
sub reg i on s ) 

l amina te  s t r a i n s  and a set  of i n i t i a l  lamina th icknesses .  Based 
on t h i s  we want t o  f i n d  t h e  lamina t h i c k n e s s e s  *gtiB*,i=l, .  . e ,n 
where n<lO, (analogously upper and lower s u r f a c e  f o r  CCOVER) f o r  
all conpos i te  e lements  (of t h e  same t y p e  and w i t h  t h e  same number 
of laminas) i n  E k s  assuming r e g i o n a l l y  c o n s t a n t  r e s u l t s .  T h i s  is 
done i n  such a manner t h a t  minimum weight is  produced wi thout  
v i o l a t i o n  of any of t h e  s t r e n g t h  c o n s t r a i n t s  i n  E k s *  
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The composite o p t i m i z a t i o n  i s  of s t r e n g t h  type for 
o p t i o n a l  t y p e s  of c o n s t r a i n t s  are cons idered;  " H i l l g  s c r i t e r i o n "  
arid H t h e  maxinun: s t r a i n  c r i t e r i o n "  (see refs. [ 1U ],[ 1 5 1  and 
c 161)  

The naximuni s t r a i n  c r i t e r i o n ,  which s i m p l y  involves  t b e  
comparison of a p p l i e d  s t r a i n  t o  a l lowab le  s t r a i n  for each 
component ( 2  a x i a l  and one shear) s e p a r a t e l y ,  uses t h e  most 
severe one a s  t h e  r e p r e s e n t a t i o n  of c r i t i ca l i t y .  ?he a l lowab le  
s t r a i n s  a r e  produced from i n p u t  a l lowab le  stresses i n  t h e  
fo l lowing  manner, 

where represents t h e  l a r r ina  and r @ k ~ ~  t h e  laminate ,  The mat r ix  
18 Q i k i *  ( i n  lamina r e f e r e n c e  trame) i s  de f ined  as, 

1 *I2 
Ell Ell 
- -- 

(see ref, [ 74 1, p 19) e The allowable stress v e c t o r  ?@Fc8 i s  
defined as, 

E 

4 e 3. 
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Ter ;s ion  allowable stres3 is used f o r  both *#FFXik and "Fyik I* 

when te r , s ion  allowable s t r a i n  i s  t o  be produced, and ana logous ly  
for  comFression allowable s t ra in ,  

The a l t e r n a t i v e  t o  the  maximum s t r a i n  c r i t e r i o n  is H i l l ' s  
c r i k e r i o n .  T h i s  c r i te r ion  has  a l r e a d y  been i d e n t i f i e d  i n  
equa t ion  (3.5), but w i l l  be shown here i n  an  a l t e r n a t i v e  form. 
The c r i t e r i o n  can D e  expressed  as, 

( 4 . 4 )  , 

where  aik r e p r e s e n t s  the  stress v e c t o r  for the Igi:th" l a n i n a  
of t h e  "k:t.h" element.  The a l l o w a b l e s  matrix "Tik i s  de f ined  
as ,  

-. 

*ik 

1 1 

2Fxik 
E 

'yik 

0 

( 4  5 )  

The n o t a t i o n  used here and i n  equa t ion  (4.3) is  

FXik = a x i a l  al lowatle stress i n  x-d i rec t ion ;  

Fyik = a x i a l  allowable stress i n  y -d i r ec t ion ;  

FXyik = shear allowable stress; 

i n  all c a s e s  f o r  lamina rri'@ o f  element (*k49. Tension o r  
compressior a l lowab le  i s  selected i n  accordance w i t h  the s i g n  of 
the c o r p a r a h l e  a p p l i e d  stresses. I n  o r d e r  to use t h i s  c r i t e r i o n  
a s  a b a s i s  f o r  r e s i z i n g ,  w e  f i n d  t h a t  c e r t a i n  requirements  w i t h  
regard t o  allowakle stresses n u s t  be sat isf ied.  

4.4 



The q u a d r a t i c  form i n  equa t ion  ( 4 . 4 )  must ke p o s i t i v e  
d e f i n i t e .  I f  that would not be t h e  case, it would be p o s s i k l e  t o  
have stress fields for which the expression (4.4)  remained 
nega t ive ,  independent  of how lamina thicknesses were changed. 
The determinant of t h e  matrix Tik , e q u a t i o n  (4.5), is, 

(4  - 6 )  1 
det Tik = 

It i s  e a s i l y  seen from t h i s  e x p r e s s i o n  t h a t  T & i s  no t  
p o s i t i v e  d e f i n i t e  when Fyik >2F,ik . 
problerr, it w i l l .  be r e q u i r e d  t h a t  the  larger axial a l lowab le  
stress always d e f i n e s  t h e  primary direction. 

I n  o rde r  t o  avoid t h i s  

The t w o  c r i t e r i a  d i scussed  h e r e  c o n s t i t u t e  the  b a s e l i n e  for  
the c o n s t r a i n t s  uspd i n  t h e  op t imiza t ion .  The g e n e r a l  form of 
th? c r i t e r i a  f o r  t h e  maximum s t r a i n  t y p e  is, 

e ' i k j  ; j=l,...,3 
c * i k j  

R i k a  

ar?d f o r  H i l l ' s ,  

c 

where t h e  index 18bf refers t o  l o a d  case 
t o  what w a s  de f ined  e a r l i e r .  

( 4  7 )  

and @*i3' and f"k@f according 

A detailed d i s c u s s i o n  of f a i l u r e  c r i te r ia  f o r  composites can  
be fcurd i r  r e f e r e n c e s  1 1 2  I-[ 16 3. 
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t i .  1. 2 p&&Eg&&$y 

Each op t imiza t ion  problem is so lved  i n  an i t e r a t i v e  manner. 
Each c y c l e  i n  t h i s  i t e r a t i o n  c o n t a i n s  a sc reen ing  phase and a 
s o l u t i o n  phase. 

s ea rch  e s t a b l i s h e s  the cr i t ical  element and l o a d  case f o r  each 
lamina t * i " ,  i d e n t i f y i n g  the fo l lowing  q u a n t i t i e s .  

The s c r e e n i n g  phase c o n s i s t s  of a s e a r c h  of s u b s e t  Ek, .  This 

RikR,k=l,...,ne;E=l,...,nl I 
w h e r e  **ne*' deno tes  t h e  number of e lements  i n  Ek, and "nl'' is  t h e  
number of load  cases  t o  be considered.  The a@Rjkg, 88 s r e p r e s e n t  , 

t h e  value produced by t h e  s t r e n g t h  c r i t e r i o n  used ( H i l l * s  
c r i t e r i o n ' '  o r  @'the maximum s t r a i n  c r i t e r i o n # ' :  see equat ions  (4.7) 
and (4.8)). 

The sc reen ing  is  performed w i t h  t h e  o b j e c t i v e  of e s t a b l i s h i n g  
the s t r e n g t h  c o n s t r a i n t s  to be used du r ing  the s o l u t i o n  phase. 
T h i s  procedure okviously r e q u i r e s  a l l  e lements  i n  Eks t o  have t h e  
saxre n u n t e r  of  v a r i a b l e s  ( laminas) ,  and s u b s e t s  con ta in ing  CCOVER 
w i l l  lx t r e a t e d  a s  two independent  problems. 

s t r e n g t h  c o n s t r a i n t s  de f ined  by the screening.  Thus, t h e  def ined  
op t imiza t ion  problem c o n t a i n s  l8ntg des ign  v a r i a b l e s  and a@n" 
c o n s t r a i n t s .  Here @ntt i s  t h e  number of l aminas  f o r  any p l a t e  i n  
Eks (upper or lower s u r f a c e  f o r  CCOVER). 

The s o l u t i o n  phase involves  t h e  minimizat ion of weight  w i t h  

T h e  sc reening  i s  repeated a f t e r  t h e  l o c a l  op t imiza t ion  i s  
completed. I f  this does n o t  r e s u l t  i n  "new81 cr i t ical  elements o r  
load cases ,  t h e  s o l u t i o n  is comple t e ,  o therwise  a n  a d d i t i o n a l  
cycle of o p t i s i z a t i o n  i s  performed and is repea ted  u n t i l  t h e  
c r i t i c a l i t y  order has s t a b i l i z e d .  T h i s  i s  repea ted  a maximum of 
t e n  tixres f o r  each problem. 
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4.2 LCCAL OPTIMIZATION 

The local op t imiza t ion  is of f*math-progran!n;ing" t y p e  t h a t  is 
concerned w i t h  t h e  de t e rmina t ion  of a minimum weight  des ign  for a 
laminate .  The lamina t h i c k n e s s e s  (nunber of l aye r s  i n  each 
l a r i n a )  are t h e  des ign  v a r i a b l e s ,  and t h e r e  i s  one s t r e n g t h  
c o n s t r a i n t  p r e s e n t  for each l a ~ r i n a .  

The s t a r t i n g  p o i n t  €or  t h e  o p t i m i z a t i o n  i s  a set of lamina te  
s t ra i r s  and a n  i n i t i a l  s e t  of lamina thicknesses. The program 
e s t a b l i s h e s  a s t a r t i n g  p o i n t  such t h a t  a t  l eas t  one lamina 
c o n s t r a i n t  is active.  The s t a r t i n g  p o i n t  i s  determined from t h e  
inforxratioL ga ined  a u r i n g  t h e  sc reen ing  for c r i t i c a l i t y .  The 
i r i i t i a l  t h i c k n e s s c s  are determined fron t h e  i n p u t  va lues ,  if 
Hill's c r i t e r i o n  is used as, 

tis = J R i m a x '  ( 4  . 10)  

and  i f  t h e  maxirrurr: s t r a i n  c r i t e r i o n  is used as, 

= s t a r t i n g  p o i n t  t h i ckness ,  tis 

t i o  = i n p u t  t h i c k n e s s ,  

where  

and 

' = m a x  R i ; i = 1 , . - - , n  I R i m a x  ( 4 . 1 2 )  

which  es tab l i shes  a s t a r t i n g  po in t  t h a t  i s  an  accep tab le  d t s i g c .  

The  op t imiza t ion  i s  l o c a l  i n  t h e  s e n s e  t h a t  the t o t a l  l oad  on 
a lamina te  i s  assumed conscant dur ing  t h e  search. The 
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red i s tr ibut ion  of internal loads due to changes in laminate 
stif fnesses is introduced through reanalysis.  
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4 -2-1 Laminate Cmstitutive R e l a t i o n s  

A lamhate, which in this context represents a CPLATE or an 
upper or lower surface of a C c ( w w  element, has i n  the general 
ease anisotroph %embranem properties. Each laminate is built- 
up of a maximum of ten directional laminas, each one with 
Orthotropfc elastic properties. 

constitutive relat ion is applicable, 
Hor a laminate of total thickness at" the following 

(4 L 13) 

where e represents gross e e l e m e n t m  stresses -2 the gross 
uelementu strahs. 
convenience). 

( E l e m e n t  subscrkpts are dropped for: 

Each lamina has, i n  the h e a l  ( l a m i n a )  reference frame, the 
fo l lming  constitutive equation, 

(4.14) 

The theory is based on engineering strains and the strain 
transformation is, as easily can be verifi any el 
t € X t b O O k ,  
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where t h e  t r a n s f o r m a t i o n  matrix "A is, 

s2 - sc [ 5: c2 -sc ] 
2 2  -2sc 2sc c -s 

44.16) 

Here IT'* and nS" are, r e s p e c t i v e l y ,  t h e  c o s i n e  and s i n e  of 
t h e  ang le  (a, see appendix G) between the  laminate r e f e r e n c e  
directiori and t h e  lamina primary material d i r e c t i o n .  The 
t r a n s f o r m a t i o n  of stresses becomes consequently, 

(4.17) 

where "bi" r e p r e s e n t s  t h e  stresses i n  lamina m i l g  r e f e r r e d  t o  the 
l amina te  r e f e r e n c e  frame, and  "bi" i s  referred to the  lamina 
( l o c a l )  frame. The t o t a l  endload i n  the l amina te ,  referred to 
t h e  l amina te  frame can De w r i t t e n  as, 

n 
T '  t =  t . A . D . A . B  = t D $  

1 1 1 +  
(4.18) 

i=l 

which  g i v e s  the fo l lowing  c o n s t i t u t i v e  matrix for t h e  laminate, 

n 
1 t i A i D i A i  T '  
t 

D = -  

i=l 

(4.19) 

where 'IC It  i s  t h e  orthotropic c o n s t i t u t i v e  m a t r i x  f o r  lamina 
The coe f f i c i en t s  i n  t h i s  ma t r ix  a re  well-known a n d  can, for  
example, be found i n  reference [ 1 4  3 page 18, o r  i n  appendix D, 
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The i n p u t  t o  t h e  o p t i m i z a t i o n  procedure c o n s i s t s  of a set  of 
i n i t i a l  t h i c k n e s s e s  and l amina te  s t r a i n s .  The op t imiza t ion  
r e q u i r e s  t h e  r epea ted  e v a l u a t i o n  of stresses ox s t r a i n s  a s  the 
des ign  v a r i a b l e s  change. The lamina t h i c k n e s s e s  "ti I* a re  
p e r p e t u a l l y  compared t o  t h e  i n i t i a l  v a l u e s  " t i 0  ' 8 ,  and stresses 
and s t r a i n s  a re  based on t h e  assumption t h a t  t o t a l  l amina te  l o a d  
s t a y s  c o n s t a n t ,  

(4 .20)  
a 
N = t$ = constant 

This assumption provides  t h z  fo l lowing  expres s ion  for t h e  
l a n i n a t e  stresses, 

(4.21) 

where f g r l g  i n d i c a t e s  new v a l u e s  and s90" i n i t i a l  values .  I n  
addition, t o t a l  s t r a i n  c o m p a t i b i l i t y  i s  assumed i n  t h e  lamina te ,  
yielding the larrina s t r a i n s ,  

a n d  t h e  l a n i n a  stresses, 

(4 .22)  

(4 .23)  

Here o n l y  "tntl and a r e  variables. I t  should be noted 
t h a t ,  ir. t h e  g e n e r a l  case, a d i f f 5 r e n t  element i s  "cr i t ica l"  f o r  
each 1amir.a (conpare t h e  s c r e e n i n g  phase i n  sec.  4- 1 . 2 ) .  I t  is 

4,11 



q u i t e  clear from t h i s  s i t u a t i o n  t h a t  a l l  t h e  elements  i n  t h e  
"design sukse t "  E b m u s t  have the same number of laminas and 
i d e n t i c a l  o r i e n t a t i o n s  

IE order  t o  i l l u s t r a t e  cond i t ions  surrounding a s t a b l e  
c r i t i c a l i t y  s i t u a t i o n ,  s u f f i c i e n c y  i n  a special case w i l l  be 
shown. It is known t h a t  t h e  i n i t i a l  lamina s t r a i n s  f o r  t w o  
elements  w i th  t h e  same o r i e n t a t i o n s  are related i n  t h e  fol lowing 
maliner, 

(4.24) 

A change i n  design v a r i a b l e s  r e s u l t s  i n  t h e  fol lowing 
d i f f e r e n c e  between lamina s t r a i n s ,  

A' A' - 1 
'ik-'il t, 1 n ok ok ok 01 01 01 - - A.D-'(t D -t D 2 

I f  ko th  e lements  have t h e  same s t a r t i n g  po in t ,  

(4 .25)  

which r e s u l t s  i n  t h e  same c r i t i c a l i t y  a s  for t h e  s t a r t i n g  p o i n t .  
I t  i s  q u i t e  c l e a r  t h a t  t h i s  r e p r e s e n t s  a very s p e c i a l  case. 
Hohiever, it i l l u s t r a t e s  t h e  phenorrenor. considered i n  t h e  repeated 
o p t i n i z a t i o n  Frocedure, and i n d i c a t i o n s  a r e  t h a t  i n i t i a l  
c r i t i c a l i t y  q u i t e  o f t e n  is  preserved. 
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4.2.3 Mafh-E~sgEanrninq-Merhod 

The op t imiza t ion  i s  based on the method of feasible d i r e c t i o n  
(see refs. [ 5 3  and [ 2 1 ] ) .  The f u n c t i o n  t o  be ninimized i s  t h e  
s t r u c t u r a l  weight,  

n 
w = c P i t i  

i=l 

where, Pi = lamina d e n s i t y  

ti = l an ina  t h i c k n e s s  

ri = nurrber of l a m i n a s  

and t h e  c o n s t r a i n t s  are, 

= Ri-1 I O , i = l , .  . . ,no g i  

(4 .26)  

(4 .27)  

These c o n s t r a i n t s  are o f  s t r e n g t h  t y p e ,  a s  d iscussed  
p rev ious ly ,  and de f ined  by equation (4.9) . 
dzsc r iked  in ref.  14 3 )  establishes a direction along which a step 
car, be t a k e n  tniithout v i o l a t i n g  t h e  C o n s t r a i n t s ,  s t a r t i n g  from a 
s p e c i f i c  p o i n t  i n  t h e  d e s i g n  space. The f eas ik l e  d i r e c t i o n  is, 
ir? t h i s  ne thod ,  found ky s o l v i n g  a l i n e a r  programzing problem i n  
w h i c h  the decrease i n  t h 5  s t r u c t u r a l  weight 8qWw" i s  maximized 
s u b j e c t  t o  c o n s t r a i n t s  which i n s u r e  f 5 a s i b i l i t y ;  i.e. d o  n o t  
v i o l a t e  t h e  c o n s t r a i n t s  (4.27). 

The method of feas ib le  d i r e c t i o n  (Zoutendi jk's method 

The des ign  v a r i a b l e s  "ti" are  modified p r i o r  t o  t h e  
op t imiza t ion ,  s o  t h a t  t he  l a r g e s t  c o n s t r a i n t  is e q u a l  t o  zero. 
The same normal iza t ion  also t akes  p lace  a f t e r  t h e  o p t i m i z a t i o n  i s  
c ~ m p l e t e d .  D e r i v a t i v e s  with  respect t o  des ign  v a r i a b l e s ,  bo th  
f o r  t h e  objective funct ior i  and t h e  c o n s t r a i n t s ,  are establ ished 
by using f i n i t e  d i f f e r e n c e s .  
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Convergence of t h e  o p t i m i z a t i o n  is cons idered  t o  have been 
a t t a i n e d ,  i f ,  i n  three consecu t ive  i t e r a t i o n s  t h e  relat ive and 
absolute change i n  t h e  v a l u e  of W l *  is less than ,001. The 
maxinun nuxrber of i t e r a t i o n s  allowed is ten .  

C o n s t r a i n t s  can a l so  be imposed d i r e c t l y  on the des ign  
v a r i a k l e s  "ti It. Upper and lower bounds c a n  be define-d f o r  each 
design v a r i a b l e ,  and t h e  smallest lower bound is one l a y e r  
thickness. N o  d e f a u l t  e x i s t s  for t h e  upper bounds. 

It is, i n  a d d i t i o n ,  p o s s i t l e  t o  d e f i n e  c o n s t r a i n t s  t h a t  
equate t h i c k n e s s e s  f o r  different laminas.  These c o n s t r a i n t s  are 
of  the t y p e ,  

ti = t%;, % = nl, n2, ... , nm 

where nln-7.  The r e s u l t i n g  minimizat ion problem invo lves  less 
t h a n  88n8@ v a r i a b l e s  and snm s t r e n g t h  c o n s t r a i n t s  of t h e  t y p e  shown 
i n  equa t ion  (4 .27 ) .  
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APPENDIX A 

FINITE IZUNENT DESIGN 

This appendix contafns a condensed description of each 
element type as seen from the standpoint of design- 
description of the finite elements is prresented in reference 

A detailed 

I 1 0  1- 
Design variables, applied loads, allwables and criteria and 

algorithm information are presented for each element type, 
Additional information with regard to constraintS (upper b o d s ,  
lower bounds, fixed data, etc.), allowables nsed, defamlts and 
available wtions is described ulyaer "Design Input Data" in 
reference [ 10 3 .  

A. 1 



DESIGN VARIABLES: ONE AREA AT EACH END (2) 
APPLIED LOAD: AXIAL FORCE 

ALLOWABLES : MATERIAL ALLOWABLE STRESSES 

DESIGN PROPERTIES: NONE 
REPlA I N I NG ST I FFNESS 
PROPERTIES : NONE 
DESIGN ALGORITHM: F,S,D, AND T ,F IS tD ,  

A.2 



BEAM - 

DESIGN VARIABLES: ONE AREA AND TWO SHEAR AREAS AT 
EACH END, (6) 
TWO BENDING MOMENTS AND ONE A X I A L  
LOAD AT EACH END FOR THE AREA, 
TWO SHEAR FORCES AT EACH END, ONE 

APPLI ED LOAD : 

FOR EACH SHEAR AREA, 

ALLON AB LES : 
DES I GN PROPERT I ES : 

MATERIAL ALLOWABLE STRESSES 

SECTION MODULI, TWO AT EACH 
END; SHEAR STRESS CONCENTRATION 
FACTORS, TWO AT EACH END, 

REFqAINING STIFFNESS 
PROPERTIES : AREA MOMENTS OF INERTIA, THREE AT 

EACH END; CHANGED I N  THE SAME 
PROPORTIONS AS THE AREA AT THE 
SAME END1 

DESIGN ALGORITHM: F,S,D, 
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SPAR - 

DESIGN VARIABLES: TWO AREAS FOR EACH CHORD PLUS 
WEB THICKNESS, (5) 

APPLIED LOAD: AVERAGE LOAD FOR EACH CHORD, AND 
EQUIVALENT SHEAR FLOW FOR SPAR-WEBE 

ALLOWAB LES : MATERIAL ALLOWABLE STRESSES, PLUS 
SHEAR BUCKLING ALLOWABLES FOR THE 
WEB a 

DESIGN PROPERTIES: 
REMA I N  I NG ST I FFNESS 
PROPERTIES : LUMPED CAP AREAS, CHANGED BY THE 

STIFFENER AREA AND SPACING 

SAME FACTOR AS THE WEB, 

DESIGN ALGORITHM: F,S,D, AND T,S,F,D, 

STIFFENER AREA CHECKED FOR SHEAR CARRIED AS DIAGONAL TENSIONi  
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PLATE 

DESIGN VARIABLES : 

APPLIED LOAD: 

ALLOWABLES : 

DES I GN PROPERT I ES : 
REMAINING STIFFNESS 
PROPERT I ES : 
DES I GN ALGOR I THM : 
DESIGN INTERACTION: 

s I 2  I NG : 

ASSUMPTIONS : 

PLATE THICKNESS AND TWO SMEARED 

MEMBRANE ENDLOAD, TWO AXIAL AND 

MATERIAL ALLOWABLE STRESS 
AXIAL BUCKLING ALLOWABLE STRESS 
SHEAR BUCKLING ALLOWABLE STRESS 
LOCAL AXIAL BUCKLING STRESS 
LOCAL SHEAR BUCKLING STRESS 

STIFFENER THICKNESSES, (3) 

ONE SHEAR COMPONENT, 

2 STIFFENER RATIOS 

NONE 
F,S,D, AND T B F t S I D I  
HILL'S CRITERION FOR STRENGTH 
USER DEFINED INTERACTION FOR 

PREDICTOR APPROXIMATION, 
LOCAL ITERATION; BOTH FOR GAGE 

TENSION IS NEGLECTED I N  BUCKLING 
INTERACTION - STIFFENERS USE THE 

BUCKLING t 

DEPENDENT ALLOWABLES 

SAME ALLOWABLES AS THE PLATE 

D I N P U T  GAGE DEPENDENT TABLES) CALCULATED I 
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GPLATE 

DESIGN VARIABLES: UP TO F I V E  THICKNESSES: ONE AT EACH 
CORNER AND ONE I N  THE MIDDLE, (5) 

APPLIED LOAD: MEMBRANE ENDLOADS ONLY8 TWO A X I A L  
AND ONE SHEAR COMPONENTi 

ALLOWAB LES : MATERIAL ALLOWABLE STRESS 
AXIAL BUCKLING ALLOWABLE STRESS 
SHEAR BUCKLING ALLOWABLE STRESS 

LOCAL AXIAL BUCKLING STRESS 
LOCAL SHEAR BUCKLING STRESS 

DESIGN PROPERTIES: NONE 
REMAINING STIFFNESS 

DESIGN ALGORITHM: F S I D l  
PROPERTIES: BENDING THICKNESSES8 UNCHANGED I 

DES I GN INTERACT I ON : 

S I Z I NG : 

HILL' s CRITERION FOR STRENGTH I 
USER DEFINED FOR BUCKLING, 

LOCAL ITERATION FOR GAGE DEPENDENT 

ASSUMPTIONS: 
ALLOWABLES 

AVERAGE MEMBRANE STRESSES ARE 
REPRESENTATIVE; BENDING STRESSES 
ARE SMALL AND NOT DESIGNING1 

INPUT GAGE DEPENDENT TABLES, CALCULATED I BASED ON 
AVERAGE GAGE 
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SPLATE 

DES I GN VARIABLE : 
APPLIED LOAD: 
ALLOWABLES : 

DESIGN PROPERTIES: 
REMAINING STIFFNESS 
PROPERT I ES : 
DES I GN ALGORITHM : 
S IZ ING:  

ONE THICKNESS (1) 
EQu IVALENT SHEAR FLOW 

MATERIAL ALLOWABLE STRESS 
SHEAR BUCKLING ALLOWABLE STRESS 

NONE 

NONE 
F,StD l  AND TIFISIDI 
PRED I CTOR APPROX IM IAT ION 

DIWT GAGE DEPENDENT  TABLES^ 



CPLATE 

DESIGN VARIABLES : NUMBER OF LAYERS FOR EACH LAMINA 
(MAX, 10) 

APPLIED LOAD : 
ALLOWABLES : COMPOSITE MATERIAL ALLOWABLES 

LAMINATE  STRAIN^ THREE COMPONENTS 

DES I GN PROPERT I ES : NONE 
REMA IN I NG ST I FFNESS 
PROPERTIES: NONE 
DESIGN ALGORITHM: 
DESIGN CRITERIA: 

SIZING: MATH-PROGRAMMING; FEASIBLE DIRECTION 

ASSUMPT IONS : TOTAL LOAD IN LAMINATE REMAINS 

COMPOSITE OPT IM I ZAT ION 
HILL'S CRITERION OR THE MAXIMUM 
STRAIN CRITERION 

CONSTANT DURING RESIZING 



COVER: 
BRICK: 

REMAINING ELEMENTS 

ANALOGOUS 
MARGIN OF 
TO HILL'S 

TO TWO PLATE:s, 
SAFETY CALCULATED ACCORDING 

CRITERION 

SCALAR: NOT DESIGNED 

SROD : 
CCOVER : 

THE SAME AS ROD 
ANALOGOUS TO TWO CPLATE:s 



APPENDIX 8 

CONVERGENCE OF THE FULLY STRESSED EESIGN 

Appl ica t ion  of t h e  " f u l l y  stressed design" Eethod t o  
p r a c t i c a l  s t r u c t u r e s  normally l e a d s  t o  coEcern with r ega rd  t o  t h e  
convergence c h a r a c t e r i s t i c s  and "clo s enes s t o  niinimum weight . 
S e c t i o n  2.2 con ta ins  i l l u s t r a t i o n s  of t h e  convergence behavior  
under adverse  cond i t ions  . 

A d i scuss ion  of t h e  f u l l y  s t r e s s e d  design method is  presented 
i n  r e f e r e n c e s  [ 71 and E8 1. Both p a p e r s  d i s c u s s  t h e  problems 
r e l a t i n g  to convergence. Some a t t e n t i o n  h a s  been g iven  t o  t h e  
ques t ion  of v e r i f y i n g  o p t i m a l i t y  f o r  p r a c t i c a l  proklems. N o  
c r i t e r ion  has,  however, been developed f o r  a p p l i c a e i o n s  t o  
s t r u c t u r e s  w i t h  many design v a r i a b l e s ,  but some of t h e  a n a l y t i c a l  
a s p e c t s  of t h e  formula t ion  a r e  q u i t e  important  even from a 
p r a c t i c a l  s tandpoin t .  

The f u l l y  s t r e s s e d  design method is of i t e r a t i v e  t y p e  and i t s  
a p p l i c a t i o n  in a p r a c t i c a l  design s i t u a t i o n  r e q u i r e s  
d e t e r n i n a t i o n  of t h e  following: 

e Is the method converging? 

0 When should t h e  i t e r a t i o n  be t e rmina ted?  

e If it  does n o t  converge, what should be done from a 
c c n s t r a i n t  s t andpo in t  , so t h a t  t h e  modif ied problem w i l l  
conv erqe? 

0 How c l o s e  t o  minimum weight i s  t h e  s o l u t i o n ?  



The f u l l y  stressed design,  at t h e  f i n a l  point of convergence, 
sa t i s f ies  t h e  fo l lowing  set o f  equations, 

where i=l,. . . ,n and "'n" is the  number of des ign  v a r i a b l e s  
p re sen t ,  ?he v a r i a b l e s  a r e ,  

A i  = des ign  v a r i a b l e ,  

= equ iva len t  des ign  load,  

= a l lowable  stress. 
p i  

F i  

The gene ra l  design probleu, on the otherhand, is, 
n 

xrinimize 1. W = w:A 
x i  

subject t o  the c o n s t r a i n t s :  i=x 

(Bo 3). 
where i=l, . . . , n. 
a r e  described a few concepts a r e  defined.  

Before the cond>tions surrounding o p t i m a l i t y  

The problem of convergence and o p t i m a l i t y  of the f u l l y  
stressed des ign  w i l l  be s t a d i e d  i n  a range where t h e  changes i n  
t h e  des ign  v a r i a b l e s  are reasonably  small. A l i n e a r  expansion of 
the c r i t i c a l  forces y i e l d s ,  

n 
03-41 

where t h e  s u p e r s c r i p t  denotes  t h e  i t e r a t i o n  number. The design 
variaticn matrix, B=[b i j  1 i s  de f ined  by d i f f e r e n t i a t i o n  of 
e q u a t i o n  (E,  1 )  y i e l d i n g ,  
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The design vector A(&) has t h e  design variables as components 
and the superscr ipt  i n d i c a t e s  the  i t e r a t i o n  numker. The "design 
modif icat ion" vector is, 

which a l s o  can k e  w r i t t e n  as, 

= BIB2 . .Bn AA (0 )  AA (n) 

where En should be evaluated a t  a point  between k-1 and k. The 
iterative process w i l l  converge if, 

Dn = BIB 2 e . .  Bn+ 0 ,  when n - t a  (B.  8). 

A sufficient condition for convergence is t h a t  for the 
spec t ra l  norm of Dn t h e  following holds, 

-+ 0, when n+gP (B. 9) IDn I 

which i s  t h e  c a s e  i f ,  

1 ~ ~ 1  < 1, for i=ltee.#n 

The spectral norm i s  def ined as 

(B.11) 
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where 1x1 is t h e  Eucl id ian  norm of X. It is  q u i t e  clear Lfrom 
(B.11) t h a t  a l l  t h e  c o e f f i c i e n t s  of Bi must be less t h a n  zero.  
The Euc l id i an  norm f o r  every  column v e c t o r  i n  Bi must also fie 
less t h a n  zero.  The r e l a t i o n s  described h e r e  do no t  c o n s t i t u t e  a 
p r a c t i c a l  method for. determina t ion  of convergence requirements ,  
but provide a background f o r  tetter understanding of the 
convergence problems enountered wi th  t h e  f u l l y  stressed des ign  
method. 

T h e  r e l a t i o n  between t h e  ' # f u l l y  stressed design" and t h e  
minimun weight design i s  of g r e a t  concern.  When these two 
des igns  coincide,  t h e y  w i l l  both be s o l u t i o n s  t o  equa t ions  (B.2) 
and ( B . 3 ) .  I t  is a well-known f a c t  t h a t  €or s t a t i c a l l y  
de t e rmina te  s t r u c t u r e s  equat ion  (B. 5) becomes, 

= = o  bi j (B.12) 

i n  which case t h e  r i g h t  hand s ide  of equat ion  (B.3) becomes a 
c o n s t a n t  and t h e  minimizat ion becomes a l i n e a r  programming 
p r o b l e m .  The s o l u t i o n  is always a t  t h e  vertex of *#nil of t h e  
t8cons t r a in t s8q .  A s  there are only  "nw c o n s t r a i n t s ,  w e  f i n d  t ha t  
t h e  f u l l y  stressed des ign  r e p r e s e n t s  a minimun. 

For i nde te rmina te  s t r u c t u r e s  t h e  " i n t e r n a l  loads#* are 
non l inea r  f u n c t i o n s  of t h e  design v a r i a b l e s ,  and t h e  min in i za t ion  
becomes a nonl inear  programming problem. The s o l u t i o n  i s  n o t  
n e c e s s a r i l y  a ve r t ex ,  and t h e  f u l l y  stressed design w i l l  
c o n s e q u e n t l y  n o t  always be a sinimum. 

It i s  of g r e a t  importance,  i n  t h e  pract ical  s i t u a t i o n  to 
de t f r r r ine  how c l o s e  a f u l l y  stressed d e s i g n . i s  t o  t h e  optimum. 
The Kuhn-Tucker o p t i m a l i t y  cond i t ion  (ref. 1 5  3) is, 

n 
w =  A j  V S j '  (B. 13)  

j=1 

where  V is  t h e  "gradient## symkol, and n is t h e  nueber of a c t i v e  
c o n s t r a i n t s .  Equation (B.13) must be sat isf ied a t  the  optimum 
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po in t ,  which i f  c o i n c i d e n t  with the f u l l y  stressed design,  would 
have t o  be a ver tex .  I n  t h a t  case, 

and 

= 0 for i=llrOrln gi 

D i f f e r e n t i a t i o n  of the c o n s t r a i n t  equa t ion  y i e l d s ,  

(B. 15) 

where 6ij is the Kronecker d e l t a ,  and equat ion  (B.14) can be 
w r i t t e r .  as, 

-L 
4 (I-BT) = w (B.17) 

where  I is  a u n i t  matrix,  BT is  t h e  transqose of t h e  ma t r ix  
de f ined  i n  equat ion  lB.5) . The v a r i a b l e  i s  a vec to r  w i t h  the 
Lagrange m u l t i p l i e r s  as components and $? is a vector con ta in ing  
t h e  r i g h t  hand sides of a l l  the  equat ions  s i m i l a r  t o  (B.14). The 
o p t i m a l i t y  cond i t ion  is, 

T -la x =  ( I -B  ) W (B. 18) 

which should be i n t e r p r e t e d  as  every comp*onent having t o  be 
p o s i t i v e .  The requirement  of p o s i t i v e  Lagrangian m u l t i p l i e r s  i s  
p a r t  of t h e  Kuhn-Tucker condi t ions .  
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It i s  known t h a t  f o r  a converging f u l l y  s t r e s s e d  design,  t h e  
ma t r ix  I-BT i s  nons ingular  and t h e  o p t i n a l i t y  c o n d i t i o n  can  be 
w r i t t e n  a s ,  

T T2 + 
A =  [ I+B +B + ....] $ > O  (B. 19) 

The series i n s i d e  t h e  b r a c k e t s  converges r a p i d l y  when t h e  
c o e f f i c i e n t  bij a r e  much smaller t h a n  uni ty .  F i n a l l y ,  i f  t h e  
m a t r i x  i n  b r a c k e t s  becomes d i agona l ly  dominant with p o s i t i v e  
d iagonal  va lues ,  t h e  f u l l y  s t r e s s e d  des ign  is oFtimum. 

Equation (B. 18) shows t h a t  v e r i f i c a t i o n  ,of the o p t i m a l i t y  of 
t h e  f u l l y  s t r e s s e d  des ign  requires computation of matr ix  B a t  t h e  . 
po in t  of convergence. An approximation of  t h i s  z a t r i x  can be 
produced through t h e  use of f i n i t e  d i f f e r e n c e s .  The c o e f f i c i e n t s  
would be c a l c u l a t e d  i n  t h e  fol lowing manner, 

(B. 2 0 )  

This  approach i s  p r e s e n t l y  t h e  only one a v a i l a b l e ,  and it can 
be s e e n  t h a t  it would be f e a s i b l e  only f o r  very  s a a l l  problems, 
a s  up t o  fan'* r eana lyses  could be requi red .  

The s t a t e - o f - t h e - a r t  i s  p r e s e n t l y  such t h a t  t h e  convergence 
and o p t i m a l i t y  ques t ions  can be addressed only f r o n  i n i t u i t i v e  
s t andpo in t s ,  Experience seems t o  i n d i c a t e  t h a t  f o r  r a p i d l y  
converging f u l l y  s t r e s s e d  designs,  the outcome xcost l i k e l y  i s  a n  
optimuxr. For slowly converging des igns ,  however, o p t i m a l i t y  must 
be i n v e s t i g a t e d .  

B .6 



APFENDIX ,C 

SIGNIFXCANT AUTOMATED DESIGN APPLICATIONS 

T h i s  appendix describes a ' f e w  a p p l i c a t i o n s  from t h e  f i e l d  of 
p re l imina ry  design. A l l  examples have been analysed and designed 
us ing  ATLAS. These s t r u c t u r e s  are dominantly of SST-like 
c h a r a c t e r ,  w i th  one except ion.  A l l  belong to a size-range t h a t  
p r e s e n t l y  r ende r s  math- programming g l o b a l  o p t  i m i z a t i o  n methods 
i rn pra et i ca 1. 

Represen ta t ive  s i z e  and computing requi rements  are shown i n  
f i g u r e  C.3, A more detailed d e s c r i p t i o n  of t h e  t h r e e  a i r p l a n e s  
presented here can be found i n  r e f e r e n c e s  [ 1 I-[ 33. 

The examples are shown because of t he i r  s i z e s  and because 
there are no impl i ca t ions  'with r ega rd  t o  convergence. The weight 
€ o r  each cycle i s  i l l u s t r a t e d  i n  f i g u r e s  C.1 and C.2 as a 
r e p r e s e n t a t i o n  of what can be expected, 

The two SST models, t he  Arrow Wing and t h e  NST, as w e l l  as 
the " f r e i g h t e r "  r e q u i r e  f u r t h e r  s tudy  i n  o rde r  t o  e s t a b l i s h  
convergence and m i n i m u m  weight. 
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IDENTI FlCATlON 

NAME 

METAL; 
ARROW WING 

N ST; base-l ine 

NST; substructure 

MU LTI-MISSION 
FREIGHTER 

ARROW WING 
COMPOSITE ; 

SI 

NUMBER 
D O F  

9000 

8000 

8000 

9000 

9000 

NUMBER 
D..V.. 

20000 

16000 

10000 

20000 

6 000 

ORDER OF MAGNITUDE: Degrees of Freedom (DOF) 
Design Variables (D.V.) 
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Figure C.3. Computer Time Requirements for One Cycle 



Ihe ATLAS ipyStera bas t w o  coaposfte e2eamn;is that are 
identified by thd hams CPLATE and CCOVER. 

Ihe CPLATE is a triangular or qmdrilateral laminated 
c O I r s 4 a R t - S t Z a h  membrane pilate. Baa  plate el-t (laminate) is 
comprised of up to t O  orthotropfc laminas, Each lamina is 
defined by, 

fiber direction tu) 
0 material properties 
temperature 
number of layers 

The layer thickness is part of the co3Bposite material 
definition (see ref 1 to]) - 

The ecovER element is buflt up from t w o  (PLATE elements 
separated by rigid posts. 



- . ! '  

1 (Eibsr Direction) 

Lnupl layers 

Figure 0.1. Typical Lamina ' @ I @ #  

The orthotropic constitutive matrix for lamina ''I" is, 

0 0 

0 

0 

G12 

where engineering strains are used and where 
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APEENDIX E - 
DESIGN THEORY SUMMARY 

The ATLAS Des4gn Module c o n t a i n s  four d i f f e r e n t  functions: 

Ful ly  stressed design, F.S.D. ; 

* Thermal f u l l y  s t r e s s e d  design, T,J?,S.De ; 

o composite opt imizat ion;  

0 User s p e c i f i e d  changes. 

Each of t h e s e  automated des ign  methods i s  of r e a n a l y s i s  type: 
i.e. change& i n  i n t e r n a l  l oads  due t o  changes i n  th i cknesses  and 
a r e a s  a r e  considered through a "new" stress ana lys is .  The Design 
Module execut ion i s  consequently a p a r t  of t h e  design process 
which, i n  add i t ion ,  involves  t h e  stress a n a l y s i s  modules, It is 
p r imar i ly  intended to be a p a r t  of t h e  design process which 
involves  t h e  stress a n a l y s i s  modules. It is pr imar i ly  intended 
f o r  prel iminary design appl ica t ions .  The f i r s t  three func t ions  
above a r e  a l l  of i t e r a t i v e  type. 

The "closeness" t o  xrinimum weight and t h e  convergence 
c h a r a c t e r i s t i c s  a re ,  of course,  of great importance, It is, 
however, p re sen t ly  not poss ib l e  to g ive  g e n e r a l  r u l e s  for t h e  
convergence behavior. The success fu l  a p p l i c a t i o n  of t h e s e  
methods w i l l ,  t he re fo re ,  u l t ima te ly  have t o  depend on engineer ing 
judgenert .  

The Design Module i n p u t  d a t a  has been s t r u c t u r e d  i n  such a 
manner t h a t  t h e  convergence behavior 'o f  the s t r u c t u r e  can be 
changed during t h e  design process. The i n p u t  d a t a  con ta in  t h e  
f o l l o w i n g  cons t r a in t s :  

* u p p e r  bounds 

0 lower  bounds 

* f i x e d  d a t a  

* input margins of s a f e t y  

* r eg iona l  exc lus ion  from r e s i z i n g  

A l l  these data sets can be modified of ~ ~ a ~ g ~ ~  through an 
update c a p a b i l i t y  t h a t  a l lows f o r  p a r t i a l  i n p u t  d a t a  Sets.  This  



f e a t u r e ,  i n  a d d i t i o n  t o  t h e  fourth f u n c t i o n  s p e c i f i e d  above, 
allows t h e  u s e r  t o  c o n s t r a i n  t h e  process  or t o  change t h e  
d i r e c t i o n  i n  which a "design" is developing.  

margins  of s a f e t y  t h a t  are based on t h e  r e s i z e  algori thm, 
T h e  F.S.D. and t h e  I.F.S..D. methods produce e q u i v a l e n t  

where M S  i s  c a l c u l a t e d  and MSinp 
The design v a r i a b l e s  involved  are t h i c k n e s s e s  and areas . 
A d d i t i o z a l  f i n i t e  element. p r o p e r t i e s  are  changed i n  t h e  same 
p ropor t ions  as  t h e  a s s o c i a t e d  des ign  v a r i a b l e s  are modified.  

is a n  i n p u t  a a r g i n  of s a f e t y .  

The F . S . D .  method cons ide r s  both s t r e n g t h  and  buckl ing  
r equ i r enen t s .  H i l l ' s  c r i t e r i o n  i s  used f o r  s t r e n g t h ,  and u s e r  
s p e c i f i e d  i n t e r a c t i o n  c r i t e r i a  are a p p l i e d  for  buckling. These 
two cr i te r ia  a r e  described i n  s e c t i o n s  3.1,1 a n d  3.1.2. Margins 
of s a f e t y  produced b y  these criteria3are based on t h e  assumption 
o f  c o n s t a n t  i n t e r n a l  loads.  The buckl ing c r i t e r i o n ,  however, can 
c o n t a i n  gage dependent a l lowable  stresses. These can be of i n p u t  
t y p e ,  t a b l e  a l lowables ,  o r  they  can  be c a l c u l a t e d  l o c a l  
a l l o u a b l e s .  Eoth cases lead t o  a r e s i z e  requirement  t h a t  
i nvo lves  s o l u t i o n s  of non l inea r  equat ions .  The p r i n c i p l e  of the 
s o l u t i o n  of these equa t ions  shown i n  s e c t i o n  3.1.3. 

The T.F.S.D. method cons ide r s  only s t r e n g t h  requirements  
which a r e  based on Hillas c r i t e r i o n .  The method is in t ended  for 
pre l iminary  design of s t r u c t u r e s  t h a t  are sub jec t ed  t o  both  
mechanical and thermal  l o a d s  a t  the same t i m e .  The method is 
desc r ibed  i n  s e c t i o n  3,2, It is  based on t h e  assumption t h a t  
mechanical l o a d s  and the rma l  stresses remain unchanged dur ing  
r e s i z i n g .  The thermal  stresses are cons idered  t o  be of t h e  same 
o r d e r  of magnitude as  t h e  mechanical stresses. 

The composite op t imiza t ion  is intended f o r  f i n i t e  e lement  
models con ta in ing  CPLATE and CCOVER elements.  This  op t imiza t ion  
i s  of l o c a l  type,  and lamina t h i c k n e s s e s  are des ign  v a r i a b l e s .  
R e g i o n s  con ta in ing  t h e  s a m e  t y p e  of e lements  w i t h  t h e  same number 
of laminas and use r - spec i f i ed  f i x e d  f iber  d i r e c t i o n s  can be 
d e f i n e d  i n  t h e  i n p u t  data.  Sec t ion  4.1 c o n t a i n s  a d e s c r i p t i o n  of 
these d e f i n i t i o n s  and r e fe rence  [ l o ]  describes the  details .  



The op t imiza t ion  is performed for minimiu weight. The method 
of feasible d i r e c t i o n  is used and the  c o n s t r a i n t s  are of s t r e n g t h  
type. These s t r e n g t h  c o n s t r a i n t s  can be based on either Hill's 
c r i t e r i o n  o r  on the "maximum s t r a i n  c r i t e r i o n , "  The l o c a l  
op t imiza t ion  is based on the assumption t h a t  t o t a l  laminate  loads  
r e m a i n  constant.  The changes i n  i n t e r n a l  loads are in t roduced  in 
t h e  "next" stress ana lys i s ,  

The f u n c t i o n  t h a t  changes the f i n i t e  elen,ent p r o p e r t i e s  
according t o  u s e r  s p e c i f i c a t i o n s  is in tended  as a means of 
introducing design requirements other t h a n  s t r e n g t h  and s t a b i l i t y  
based element cri teria,  T h i s  func t ion  c o n s i s t s  of two 
algori thms,  one t ha t  allows f a c t o r i n g  of e l e m e n t  subsets ( f l u t t e r  
changes, e . g , )  and one #at al lows i n d i v i d u a l  changes t o  t h e  
f i n i t e  elerrent properties, This provides a c a p a b i l i t y  f o r  model 
changes t h a t  does not r e q u i r e  "newsf f i n i t e  element i n p u t  data. 
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